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Abstract
This paper presents a multi-scale approach coupling a Eulerian interface-tracking method and a Lagrangian particle-
tracking method to simulate liquid atomisation processes. This method aims to represent the complete spray atomisa-
tion process including the primary break-up process and the secondary break-up process, paving the way for high-fidelity
simulations of spray atomisation in the dense spray zone and spray combustion in the dilute spray zone. The Eulerian
method is based on the coupled level-set and volume-of-fluid method for interface tracking, which can accurately simu-
late the primary break-up process. For the coupling approach, the Eulerian method describes only large droplet and liga-
ment structures, while small-scale droplet structures are removed from the resolved Eulerian description and
transformed into Lagrangian point-source spherical droplets. The Lagrangian method is thus used to track smaller dro-
plets. In this study, two-dimensional simulations of liquid jet atomisation are performed. We analysed Lagrangian droplet
formation and motion using the multi-scale approach. The results indicate that the coupling method successfully achieves
multi-scale simulations and accurately models droplet motion after the Eulerian–Lagrangian transition. Finally, the reverse
Lagrangian–Eulerian transition is also considered to cope with interactions between Eulerian droplets and Lagrangian
droplets.
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Introduction
Energy conversion in transportation is usually related
to the transfer of chemical energy to sensible energy,
which is widely achieved by spray combustion. For
instance, liquid fuel injection is one of the most com-
mon procedures in non-premixed combustion systems
such as internal-combustion engines and aircraft gas
turbine combustors for road and air transportation. It
plays a significant role in achieving an efficient and
clean combustion process. A large number of studies
have been devoted to better understanding of the ato-
misation process.1–6 The main aim is to understand
accurately the physiochemical spray process and to pre-
dict the two-phase multi-scale flow characteristics and
the subsequent combustion process. However, detailed
local quantitative information such as the liquid–gas
interface formation and the break-up mechanisms are
not well understood yet. Thus, there is an urgent need
to improve the understanding of the spray flow
characteristics, especially the primary break-up and the
secondary break-up in both the dense spray regime and
the dilute spray regime, using an efficient computa-
tional method.
Spray atomisation is a complex process, which can
be divided into three regimes.2, 7 The first is the liquid
core zone in which the liquid area is very dense and
appears as a continuum fluid; the second is the dis-
persed flow zone in which the liquid can be approxi-
mated as dispersed particles; the last is the transition
zone. There are a variety of numerical methods today
that can be used to examine this spray atomisation
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process. However, it is noted that a large class of appli-
cations uses only a pure Lagrangian method for areas
far away from the nozzle in the dilute spray regime8 or
only a pure Eulerian approach for areas near the noz-
zle9, 10 in the dense spray regime.
In order to simulate accurately and efficiently the
spray process including the different zones, efforts have
been made in recent years and some multi-scale meth-
ods have been proposed, such as Eulerian–Lagrangian
spray atomisation (ELSA),11 the combined coupled
level-set and volume-of-fluid (CLSVOF) method (or the
volume-of-fluid (VOF) method) and the Lagrangian
particle-tracking method.12–15 The ELSA method pro-
posed by Vallet et al.16 is to predict realistically the
dilute zone and the dense zone of a spray atomisation
process. In this method, the gas phase and the liquid
phase are considered as species, and a liquid–gas surface
density function is used to describe the interface area.
With rapidly growing computational resources and
development of numerical approaches, more accurate
Eulerian methods such as the VOF method, the level-
set method17 and the CLSVOF method18 have been
used to explore the complex behaviour of dispersed
multi-phase flows.19 In these methods, the interface-
tracking algorithms can accurately represent the liquid–
gas interfaces, their positions and their geometries.
However, when thin ligaments form and subsequently
break up into droplets, especially in the dilute regime,
small droplets require much finer grid resolutions,
which greatly increase the computational cost.15 Thus, a
coupling method is employed to deal with the small
droplets using a Lagrangian method with lower grid
resolution requirement while retaining the advantage of
the Eulerian method to track the liquid–gas interfaces
accurately. The advantage of this coupled method is to
achieve sufficient computational accuracy on different
scales including the dense spray regime and the dilute
spray regime. Through the multi-grid strategy such as
adaptive mesh refinement20 and a refined level-set
grid,21 the coupled method has a great potential to
reduce the computational cost effectively in the dilute
regime and to achieve simulations of a real-scale spray
in industrial applications.
In the multi-scale coupling method, a Eulerian
method is used to track or represent liquid–gas inter-
faces in the primary break-up regime (the liquid core
zone), and a Lagrangian droplet tracking method is used
to trace the dispersed small droplets in the dilute spray
zone. The coupling procedure between the two methods
is currently under active development and also the focus
of this paper. Proposing a hybrid method for multi-scale
two-phase flow is challenging. Our main contribution of
this paper is to demonstrate the achievement of the trans-
formation of small droplets in detail from a Eulerian
structure to a Lagrangian particle and the reverse transi-
tion process, and the performance of the coupled method
based on the combination of the CLSVOF (Eulerian)
method and the KIVA (Lagrangian) method in simulat-
ing a liquid jet process.
As an outline of the paper, the numerical models
including the CLSVOF model, the Lagrangian particle-
tracking method and the coupling approach will be pre-
sented in the second section. The third section intro-
duces the computational set-up. In the fourth section,
we present the results and a discussion. Conclusions
are given in the fifth section.
Numerical methods
The CLSVOF method
A CLSVOF method3 is used here to represent and
obtain the evolution of liquid–gas interfaces. The gov-
erning equations to be solved are
r  u= 0 ð1Þ
r
∂u
∂t
+ u  rð Þu
 
= rp+m Du+FSV+FD ð2Þ
where u is the velocity vector, r is the density, p is the
pressure and m is the viscosity. Both the liquid phase
and the gas phase are Newtonian fluids. The pressure is
obtained by solving the Poisson equation iteratively. FD
represents the effect of the dispersed phase simulated
using the Lagrangian approach on the flow according
to
FD=
Xnd
i=0
4
3prlrd v
n+1
d, i  vnd, i
 
where nd is the total number of Lagrangian droplets in
one cell, rl is the density of liquid droplets and rd is the
radius of liquid droplets.
FSV is the surface tension term and is calculated by
the continuum surface force method22 as
FSV=sk
rf
fmax  fmin
ð3Þ
where s is the surface tension coefficient, k is the local
curvature and f is the colour function with f=0 for
gas and f=1 for liquid. The colour function f can be
expressed as
∂f
∂t
+ u  rfð Þ=0 ð4Þ
For our work, liquid–gas interfaces are obtained by
the level-set method. In the level-set method, the func-
tion F (a signed distance function) is solved instead of
directly solving f. A liquid–gas interface is defined as
F=0. Thus the equation for F can be written as
∂F
∂t
+ u  rFð Þ=0 ð5Þ
To improve the volume conservation, a modified VOF
method called the multi-interface advection and recon-
struction solver is incorporated.
On the assumptions that r and m are constant within
each fluid, they can be calculated from
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r=H(F)rl+ 1H(F)½ rg ð6Þ
m=H(F)ml+ 1H(F)½ mg ð7Þ
where the subscripts l and g denote liquid and gas
respectively and H is the Heaviside function.
Lagrangian particle tracking method
The Lagrangian method is based on a modified version
of KIVA-3V.23, 24 In the Lagrangian method, the dro-
plet velocity is determined by the drag force Fi,d on the
droplet, which is in turn determined by the relative velo-
city between the liquid droplet and the gas phase. The
droplet velocity equation is23
dvd, i
dt
=
Fi, d
md
=
0:375 r=rlð Þ Vvelj j
rdVvelCD
ð8Þ
where md=
4
3 p rlr
3
d is the droplet mass, Vvel is the rela-
tive velocity between the liquid drop and the gas and
CD, sphere is the drop drag coefficient given by
CD=
24
Red
1+ 16Re
2=3
d
 
, Red  1000
0:424, Red. 1000
(
ð9Þ
where Red is the droplet Reynolds number.
The relative velocity Vvel is Vvel= ~ui  vd, i and is cal-
culated using the gas velocity at the droplet position ~ui,
which is obtained in the Eulerian framework, and the
droplet velocity vd,i. The interpolation scheme proposed
by Nordin25 is utilised, which considered eight vertices
of the cell at the droplet location and used an inverse
distance weighting method. Considering the effect of
droplet deformation in shape, the above drag coefficient
is revised by a drop distortion coefficient26 yp. Thus the
final equation for CD is CD=CD,sphere(1 + 2.632yp).
In the limits of no distortion (yp=0) and maximum dis-
tortion (yp=1), the rigid sphere coefficient and the disc
drag coefficient are recovered respectively.
Eulerian–Lagrangian droplet transition
In this section, the droplet transition from a Eulerian
structure to a Lagrangian particle is detailed, which is
divided into three steps.12
First, isolated droplets need to be identified and
their mass, velocity and temperature are determined. In
our work, we use a neighbour-searching algorithm to
identify an isolated liquid structure. In order to achieve
this process, we set a G function which is similar to the
colour function f with f=0 for gas and f=1 for
liquid used in the level-set method. Initially, G=f.
Thus, G=1 represents liquid, and G=0 is the gas
field. At every time step, we tag all isolated liquid struc-
tures. (First, when a cell with G=1 is identified, the
value G of the cell is tagged G=2 and at the same time
a start is made to search its neighbouring cells
(including two directions for a two-dimensional case);
if G=1 is found, the neighbouring cell will also be set
to G=2 and added to the same list. Eventually, all the
neighbouring cells of this list all have G=0 or G=2;
then, the isolated droplet structure is identified. Next,
we start to search for the next cell with G=1 and set
G=3. Following this procedure, all isolated droplet
structures can be identified.) It is important to note
that only the G=1 cells need to be searched for in our
program to reduce the computational cost.
Second, we set up the conversion criteria for the
Eulerian–Lagrangian transition. Whether or not a
Eulerian structure will be transformed into a
Lagrangian particle is determined by the critical vol-
ume of the Eulerian structure and the critical length of
the thin isolated ligament identified. In this work, we
use two different grids: one for the CLSVOF method
and the other for the KIVA method. The critical vol-
ume is set to be the KIVA cell volume. Therefore, the
first conversion criterion is VEulerian \ 0.5VKIVAgrid,
where VEulerian and VKIVAgrid are the Eulerian droplet
volume and the KIVA grid cell volume respectively. In
order to calculate accurately the further break-up
process of a largely deformed thin ligament in the
Eulerian description despite the fact that the Eulerian
droplet volume meets the first criterion, the second cri-
terion is a5Rmax=max Dx, 3=4pð ÞVEulerian½ 1=3
n o
, where
Rmax is the maximum distance from the edge of a
Eulerian droplet to the centre of mass of the Eulerian
droplet. In this paper the criterion parameter a is equal
to 4.
Third, isolated droplets that meet the conversion cri-
teria from the Eulerian description are removed. At the
same time, the removed droplets are transformed to
Lagrangian particles with a determined droplet mass and
velocity. To accomplish this removal process, some terms
need to be revised, including the volume fraction func-
tion f (f=0) and the distance function F (F= Fj j).
While this operation is completed, the droplet vol-
ume Vd, the centre xd of mass and the velocity ud are
calculated as
Vd=
ð
Od
dx
xd=
1
Vd
ð
Od
x dx
ud=
1
Vd
ð
Od
u(x) dx
ð10Þ
Lagrangian–Eulerian droplet transition
The previous section introduces the transition process
from a Eulerian droplet structure to a Lagrangian par-
ticle. A reverse transition will be needed when a
Lagrangian particle collides with a Eulerian structure.
In the present study, first, if the distance G(xd) of the
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centre of a Lagrangian droplet to the surface of a
Eulerian structure is less than the Lagrangian droplet
radius (i.e. G(xd) \ Rd) and, second, if the size of the
Lagrangian droplet is larger than the local 23 2
Eulerian grids, the transition process occurs.
Once the reverse transition occurs, the droplet vol-
ume Vd and the centre xd of mass can be easily calcu-
lated according to the above method. The level-set
function needs to be re-evaluated in a certain area
(extended by six cells in each direction from the local
liquid–gas interface)14 according to
F(x)=G xð Þ
=max G xð Þ,Rd  x xdk kð Þ
ð11Þ
The VOF function f is recalculated using the level-
set function.
The transition of the droplet momentum is a more
challenging task. In this paper, we simply set the
Eulerian droplet velocity to be equal to the Lagrangian
point-particle velocity according to the solid-sphere
assumption, as given by
u xð Þ= ud8 x xdk k4Rd ð12Þ
Finally, it should be stressed that, since the
CLSVOF method cannot support very small droplets
whose sizes are below a certain magnitude, not all the
Lagrangian droplets are transferred back to Eulerian
droplets when they are interacting with a Eulerian
structure. In the present study, the threshold is set to be
V23 2E; thus, it is only if the size of a Lagrangian dro-
plet is larger than the local 23 2 Eulerian grids (the
second condition as stated above) that the transition is
performed. Otherwise, the Lagrangian droplet is main-
tained as a point particle, and its interaction with
Eulerian structures is approximated.
Case set-up
In this paper, liquid jet injection into quiescent high-
pressure air is considered. The nozzle diameter D is
0.08mm and the injection velocity is 30m/s. The ambi-
ent pressure is 3MPa. The gas density rg and the liquid
density rl are 34.5 kg/m
3 and 848kg/m3 respectively.
The gas viscosity mg and the liquid viscosity ml are
19.73 1026 Pa s and 28703 1026 Pa s respectively. The
surface tension coefficient s is 30.03 1023N/m. The
bulk liquid Reynolds number Re and the Weber num-
ber We are 355 and 1018 respectively. The Courant–
Friedrichs–Lewy number is 0.3 and the time step is
about 1.03 1029 s based on the flow velocity and the
surface tension. The two-dimensional computational
domain is 10D3 5D with grid numbers of 6003 240
for the CLSVOF method and 753 30 for the KIVA
method in the x direction and the y direction. The grid
resolution for the CLSVOF approach is about 1:6mm,
which is similar to that used by Shinjo and Umemura.3
Results and discussion
The Eulerian methods, such as the VOF method and
the level-set method, are in general used to simulate pri-
mary atomisation in the dense spray area, and a
Lagrangian point-particle method is used to model
spray dynamics in the dilute area. In this paper, numer-
ical results were obtained for the same case by using
the Eulerian CLSVOF method,9 the Lagrangian point-
particle tracking method implemented in KIVA, and
the hybrid Eulerian–Lagrangian multi-scale method
developed for the present study. The Eulerian approach
produces high-fidelity simulation results, which can be
used as the benchmark. The Lagrangian method is
model based. The (Kelvin–Helmholtz)–(Rayleigh–
Taylor) break-up model is used in KIVA. The devel-
oped numerical method is a high-fidelity multi-scale
approach combining direct simulations and modelling,
which aims to have the advantages of both accuracy
and cost. Figure 1 shows a sketch of the spray case
simulated in this study. The liquid core refers to the
main liquid column from the nozzle. The tip is the front
part of the liquid core, and the tip edge denotes the
edge of the rolled-up mushroom shape.
The results produced by the three methods are
shown in Figure 2. It can be seen that different meth-
ods have their distinct features. The liquid penetration
lengths appear to be very similar for the three methods.
On comparison of the CLSVOF method (Figure 2(a))
with the Lagrangian method with a break-up model
(Figure 2(b)), it is found that, by using the CLSVOF
method, more detailed and precise spray break-up
dynamics, such as the umbrella-like liquid head formed
owing to the liquid jet impact on the ambient gas, can
be obtained. At the same time, a few satellite droplets
are produced. In contrast, the Lagrangian method gen-
erates many small droplets as expected but cannot pro-
duce the umbrella-like liquid head. The developed
coupled method has the advantages of both the
Eulerian method and the Lagrangian method, i.e. high
accuracy and low cost, as shown in Figure 2(c). The full
circles represent the Lagrangian droplets. The small dif-
ference between the droplet distributions in Figure 2(a)
and Figure 2(c) is due to the difference between the
Lagrangian drag force modelled by equation (8) and
the surface tension force modelled by equation (3) in
the Eulerian method. Therefore, the current Lagrangian
drag force model can be used to model the droplet
motion after the Eulerian–Lagrangian transition. More
Figure 1. Sketch of the spray case.3
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detailed analysis will be presented in the following sec-
tion. It can be seen from Figure 2 that, although only
the spray results in the near-nozzle dense spray region
are compared, both the advantages and the disadvan-
tages of the Eulerian method are clearly demonstrated.
The motivation of the present study is to develop a
hybrid method that combines the Eulerian method and
the Lagrangian method and can utilise fully the advan-
tages of both methods, while discarding their disadvan-
tages, as shown in Figure 2(c).
Eulerian–Lagrangian transition
As mentioned in the second section, in order to achieve
the Eulerian–Lagrangian transition, three steps are nec-
essary. Figure 3 presents the transition process in detail.
According to the neighbour-searching algorithm, differ-
ent liquid areas are identified by tagging them with dif-
ferent numbers, as shown in Figure 3(a). In Figure 3(b),
the isolated small droplets meeting the transition criter-
ion are removed from the Eulerian description.
To check the quality of the numerical transition pro-
cess, Figure 4 shows a comparison of the droplet masses
and the droplet momenta before and after the transition
procedure. Figure 4(a) presents the evolution of the
change in the overall liquid mass with time. It can be
seen that the coupled method and the Eulerian method
have the same overall liquid masses. Figure 4(b) and (c)
demonstrate the accuracy of the transition process by
checking the conservation of the mass and momentum
of isolated droplets before and after the transition. The
results in Figure 4 demonstrate that in the transition
process there is no loss in the droplet mass and no loss
in the droplet momentum.
Figure 5 shows the temporal evolution of the liquid
jet after t=18.8 ms. The isolated droplets in Figure
5(a) and (b) are Eulerian droplets and Lagrangian parti-
cles respectively. It can be seen that the overall evolu-
tion behaviours of the liquid jet are similar, including
the distribution of droplets. In the Eulerian method, the
interface-tracking algorithm can accurately represent
liquid–gas interfaces, their positions and their geome-
tries. However, when the droplet size become very
small, resolving these small droplets requires very fine
grid resolutions, which greatly increase the computa-
tional cost. Therefore, small droplets and thin ligaments
are hard to track in the Eulerian framework with any
fixed grid resolution. Irrespective of how small the grid
resolution is, droplets and ligaments with sizes smaller
than the resolution cannot be supported by the grid. On
the other hand, the Lagrangian method can deal with
these small droplets in a very straightforward way by
transferring those small droplets that cannot be sup-
ported by the local grids to Lagrangian droplets. Since
small droplets solved by the Eulerian method can be
transformed into Lagrangian point particles, the
requirement of grid resolution can be lowered. This is a
critical advantage of the coupled method. Thus, in
Figure 5(b) the isolated droplets of different sizes are
tracked using the Lagrangian method. For the Eulerian
droplets in Figure 5(a), the small droplets that cannot
be supported by the grid were removed, as a common
procedure in a Eulerian method. It also can be seen that
at 21.7 ms the two small droplets come into contact with
Figure 2. Comparison between the CLSVOF method, the KIVA method and the developed coupled method at 23.6 ms: (a) the
Eulerian method; (b) the Lagrangian method; (c) the coupled method. The colour labels represent the liquid-phase volume fractions
in (a) and (c), and the droplet radii in (b).
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Figure 3. Three steps of droplet transition from using the Eulerian method to the Lagrangian method at 23.6 ms: (a) tagging
isolated droplets; (b) removing small isolated droplets; (c) generating Lagrangian particles (full circles) on the KIVA coarse grid.
Figure 4. Mass and momentum conservation before and after the Eulerian–Lagrangian transition: (a) overall liquid mass; (b) masses
of isolated droplets; (c) momenta of isolated droplets.
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the liquid core. Since the two droplets are very small
and cannot be supported by the CLSVOF method, i.e.
they do not satisfy the second condition, we do not con-
sider the reverse Lagrangian–Eulerian transition.
In order to check further the quality of the transition
process in a quantitative way, the instantaneous posi-
tions of the Eulerian droplets and the Lagrangian dro-
plets are compared in Figure 7. In order to perform this
comparison, the trajectories of Eulerian droplets are
also tracked. Figure 6 shows the tracking algorithm for
the Eulerian droplets. The two important parameters
are the volume of droplets and the position of the centre
of the droplet mass. The tracking list is empty initially,
and isolated droplets can be directly added to the track-
ing list. At every time step, comparison of the volume
and the position of the droplets at the current time step
with those in the tracking list at the last time step is per-
formed. If the difference is small, it can be deduced that
they are the same droplet. Then, the information on the
droplet in the tracking list is updated using the informa-
tion at the current time step. If there is no matched dro-
plet in the tracking list, the droplet is recognised as a
new droplet and directly added to the tracking list.
Once the droplet is added to the tracking list, it has a
unique constant number to identify it. It is worth noting
that tracing isolated Eulerian droplets costs computa-
tional time because of the large deformation of droplets
induced by the surface tension force.
Using the above tracking algorithm, Figure 7 shows
the comparison between the instantaneous positions of
Figure 5. Comparison between the two-dimensional spray results obtained by the Eulerian method and obtained by the coupled
method: (a) Eulerian droplets obtained by the CLSVOF method; (b) Lagrangian particles obtained by the coupling method.
Figure 6. The Eulerian-droplet-tracking algorithm.
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isolated droplets obtained by the Eulerian CLSVOF
method and those obtained by the coupled method.
The four isolated droplets can be clearly seen in Figure
5(b) (Lagrangian particles). The trajectories of the four
droplets tracked by the coupled method agree well with
those tracked by the Eulerian method. Figure 7 also
indirectly demonstrates that the drag force model used
in the Lagrangian method is appropriate and accepta-
ble under the conditions in this work. The small differ-
ence between the coupled method and the Eulerian
method is partly because of the deformation and
numerical break-up of droplets, and partly because the
drag coefficient in the Lagrangian method should be
used for a spherical droplet, but the current simulations
are two dimensional. However, within the Reynolds
number range of 30–80 for the current droplets, the dif-
ference is very small. Note that the Lagrangian droplets
are solved on a coarser grid, and the Eulerian droplets
are tracked on a finer grid, which indicates that the
coupled method is able to reduce the computation cost
in this work.
Lagrangian–Eulerian transition
The section on the Eulerian–Lagrangian transition con-
sidered the transition from a Eulerian droplet to a
Lagrangian point particle. The reverse process is also
important in many cases. In a complex spray process
modelled by a hybrid Eulerian–Lagrangian method, all
the interactions (i.e. between the Eulerian droplets and
the Eulerian droplets, between the Eulerian droplets
and the Lagrangian droplets and between the
Lagrangian droplets and the Lagrangian droplets) need
to be carefully considered. The section on the
Lagrangian–Eulerian droplet transition in this paper
presents a method of transforming a Lagrangian
particle to a Eulerian droplet to cope with interactions
between the Eulerian droplets and the Lagrangian
droplets.
Figure 8 illustrates the transition from a Lagrangian
particle shown as a full circle to a Eulerian droplet.
Before the transition the Lagrangian particle is in con-
tact with the liquid core, which means that the distance
of the centre of mass of the droplet to the liquid jet core
surface is equal to or smaller than the droplet radius,
and the Lagrangian droplet volume is larger than
V23 2E. The transition criteria are met. Thus, first, the
Lagrangian droplet is removed from the Lagrangian
droplet list, as shown in Figure 8(b). Then, a Eulerian
droplet is formed (Figure 8(c)). Thus, the entire transi-
tion process is completed. It is worth noting that the
current Lagrangian–Eulerian transition considers the
scenario when only one Lagrangian droplet hits the
liquid core, but the transition algorithm can be applied
and extended to other complex situations. Figure 9
checks the mass conservation quality of the transition
process. It can be seen that the droplet masses are very
similar before and after the transition process.
Conclusion
This paper presents a multi-scale hybrid Eulerian–
Lagrangian approach to simulating liquid jet atomisa-
tion processes. The coupled algorithm and procedure
are presented in detail. The detailed transition process
from using the Eulerian method to using the
Lagrangian method to track a small droplet is con-
ducted in three steps. The instantaneous droplet mass
and momentum are found to be conserved before and
after the transition. We developed a tracking algorithm
for droplets tracked in the Eulerian framework for
comparison with the droplet motion modelled in the
Figure 7. Comparison between the droplet positions with time obtained by the Eulerian CLSVOF method and those obtained by
the coupled method.
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Lagrangian framework. We successfully obtained good
agreement on the droplet trajectories, which confirms
that the Eulerian–Lagrangian transition method is
sound and suitable for the coupling between the
Eulerian CLSVOF method and the Lagrangian point-
particle method. In addition, the transition process
from a Lagrangian particle back to a Eulerian droplet
is also considered. In our future work, secondary
break-up, collision and coalescence, and evaporation of
Lagrangian particles will be considered to improve fur-
ther the capacity of the multi-scale method to simulate
spray processes.
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